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Abstract
Let X; Y1 and Y2 be compact Riemann surfaces. Two coverings p1 :X ! Y1 and p2 :X ! Y2,
say of degree n, are said to be equivalent if p2 =’p1 for some conformal homeomorphism
’ : Y1! Y2. We nd an upper bound for the number of nonequivalent coverings of degree 2
by a compact Riemann surface of genus g 2 and we show that our bound, which depends
on g, is sharp for innitely many odd values of g which we determine. We also consider
the case of surfaces of even genus, in which the situation turns out to be dramatically dier-
ent, since then X admits 1 or 3 coverings of degree 2. Moreover, if X is hyperelliptic, we
determine the ramication data of such coverings. c© 2000 Elsevier Science B.V. All rights
reserved.
MSC: Primary 20H; 30F; secondary 14H; 20F
1. Introduction
Let Y be a compact Riemann surface. Two coverings 1 :X1! Y and 2 :X2! Y
of Y of degree n by compact Riemann surfaces X1 and X2 are said to be equivalent if
2 = 1’ for some conformal homeomorphism ’ :X2!X1. The study of such coverings
of Y and their classication up to equivalence is a classical problem of the theory of
compact Riemann surfaces that has been studied in [1, 3, 7{9, 11, 15, 17{19, 23],
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where special attention has been payed to the case of two-coverings of hyperelliptic
Riemann surfaces Y .
Similar, but inverse in some sense, to the above is the problem of studying coverings
of compact Riemann surfaces by a given surface X . Two such coverings p1 :X ! Y1
and p2 :X ! Y2, say of degree n, are said to be equivalent if p2 =’p1 for some
conformal homeomorphism ’ : Y1! Y2. This problem for X being a Riemann sphere
has been studied in [6, 12, 20] and here we study this type of covering for arbitrary X
provided they are ramied and of degree 2. We nd an upper bound for the number of
nonequivalent coverings by a compact Riemann surface of genus g 2 and we show
that our bound, which depends on g, is sharp for innitely many odd values of g. We
also consider the case of surfaces of even genus, in which the situation turns out to
be dramatically dierent; such surface admits 1 or 3 of such coverings. Moreover, if
X is hyperelliptic, we determine the ramication data of such coverings. Analogous
problems for coverings of bordered Klein surfaces by a compact Riemann surface X
have been studied in [5, 10].
2. Preliminaries
The method to prove the mentioned results involve the representation of the compact
Riemann surface X as the orbit space of a Fuchsian group [13]. A Fuchsian group is
a discrete subgroup of the group G=Aut(H) of all isometries of the hyperbolic plane
H which coincide with the group PSL (2;R) of all Mobius transformations. A Fuchsian
group  has the presentation
hx1; : : : ; xr ; a1; b1; : : : ; ah; bh j xmii ; x1 : : : xr[a1; b1] : : : [ah; bh]i;
where [ai; bi] = aibia−1i b
−1
i . The generators x1; : : : ; xr form a complete elliptic system
of generators. We shall call (h;m1; : : : ; mr) the signature of . Observe that H= is
a compact Riemann surface of genus h and the canonical projection H!H= is
a covering ramied over r points of X with ramication indices mi.
A compact Riemann surface X of genus g can be represented as H= , where  
has signature (g;−). Now if p :X ! Y is a double ramied covering, then we can
assume Y =H=, where  contains   as subgroup of index 2 and so has signature
(h; 2; 2(g−2h+1): : : ; 2) for some h. Furthermore, if p0 :X ! Y 0 is another such covering then
we can assume that Y 0=H=0 and the coverings p and p0 are equivalent if and only
if  and 0 are conjugate in the normalizer  of   in G whilst the last holds if and
only if =  and 0=  are conjugate in the group =  of all automorphisms of X .
3. Results
Here we shall prove the results mentioned in Section 1. First we shall nd a bound
in the following
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Theorem 1. Let X be a compact Riemann surface of genus g 2; and let G be the
group of its automorphisms. Let pi :X ! Yi; i=1; : : : ; k be nonequivalent ramied
double coverings of compact Riemann surfaces Yi. Then
(i) k + 1 jGj  (2g− 2)=(−2 + k=2);
(ii) k  (3 +p9 + 16g)=2;
(iii) if jGj= k + 1 then all nontrivial elements of G have order 2.
Proof. Let X =H= , where   is a Fuchsian surface group. Then G==  for some
Fuchsian group  being the normalizer of   in G. Assume that  has signature
(g0;m1; : : : ; mr) and let a1; b1; : : : ; ag0 ; bg0 ; x1; : : : ; xr be a canonical system of its gene-
rators. If (X; pi) is a ramied double covering of a compact Riemann surface Yi, then
Yi=H= i for some Fuchsian group  i being a subgroup of  and containing   as
a subgroup of index 2. So  i has signature (gi; 2; ri: : : ; 2), where ri>0 since pi is rami-
ed. Let y(i)1 ; : : : ; y
(i)
ri be a canonical system of its elliptic generators. Let Gi= i=  and
let i : i!Gi be the canonical projection. Then Gi is generated by ’i= i(y(i)1 ). Now
y(i)1 is conjugate in  to a power of some xj and on the other hand elliptic generators
of order 2 conjugate in  give rise to equivalent coverings. So we see that k  r.
Furthermore mi 2. So using the Hurwitz{Riemann formula
2g− 2= jGj
 
2g0 − 2 +
rX
i=1

1− 1
mi
!
;
we obtain that jGj  (2g−2)=(−2+k=2) which together with obvious jGj  k+1 gives
k  (3 +p9 + 16g)=2. The third statement is obvious.
In the next result we determine the values of g for which the bound obtained in (ii)
of Theorem 1 is sharp. They constitute an innite set of odd integers.
Theorem 2. Let g 2 be an integer. Then there exists a compact Riemann surface X
of genus g; compact Riemann surfaces Yi; i=1; : : : ; (3 +
p
9 + 16g)=2; and nonequiv-
alent ramied double coverings pi :X ! Yi if and only if g=22n−2 − 5 2n−2 + 1
for some n 3. Moreover; the automorphism group Aut (X ) of such surface X is
isomorphic to Zn2; where k =2
n − 1 and each pi is ramied over exactly 2n−1 points
of Yi.
Proof. Assume that k =(3+
p
9 + 16g)=2. Then g=((2k − 3)2 − 9)=16 and (2g− 2)=
(−2 + k=2)= k + 1. So by (i) of Theorem 1, jGj= k + 1 and therefore by (iii) of this
theorem all nontrivial elements of G have order 2. Thus G=Zn2, where k + 1=2
n.
This gives in particular g=22n−2 − 5 2n−2 + 1.
Now let G=Zn2 and let  be a Fuchsian group with signature (0; 2;
k: : : ; 2) with
k =2n−1. Let  :!G be the epimorphism which maps the elliptic generators onto k
distinct elements of order 2 in G and let  =Ker . Given i k let  i be a subgroup of
 for which  i= = h(xi)i. Then by [16]  i has signature (0; 2; 2n−1: : : ; 2). Let X =H= 
and Yi=H= i. Thus the canonical projections pi :X ! Yi are nonequivalent double
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coverings ramied over 2n−1 points of Yi. The proof completes an obvious observation
that any epimorphism  :!G in question has this form, i.e., it must map the elliptic
generators onto k distinct elements of order 2 in G.
Observe that g=22n−2 − 5 2n−2 + 1 is odd. So in particular our bound is not
attained for even values of g. As the next theorem shows the situation for even g is
dramatically distinct.
Theorem 3. Let X be a compact Riemann surface of even genus g 2 and let pi :X !
Yi; i=1; : : : ; k be all nonequivalent ramied double coverings over compact Riemann
surfaces Yi. Then k =1 or 3.
Proof. Here we adopt the notation used in the proof of Theorem 1. Assume that
G=Aut (X ) has order N . As we observed in Section 2, nonequivalent coverings
pi :X ! Yi correspond to nonconjugate elements of order 2 in G and so, as we
are looking for the nonequivalent coverings, we can assume by the Sylow theorem
(cf. [10]) that G is actually a 2-group generated by elements of order 2. By the
Hurwitz{Riemann formula we have
g− 1= N
2
 
2g0 − 2 +
rX
i=1

1− 1
mi
!
and so for even g we have mi=N or mi=N=2 for some i. Thus G contains an element
of order N or N=2 and therefore G=ZN or G is a semidirect product ha; b j a2; bN=2;
ababki, where k = + 1;−1 or N=4 − 1. But as we have assumed that G is generated
by elements of order 2 we see that actually G=Z2 or G=Z2Z2 or G=DN=2. So
we see that G has one or three conjugacy classes of elements of order 2. In particular
k  3.
However, for a compact Riemann surface X of even genus g there are no unramied
double coverings p :X ! Y . Indeed for such a covering to exist we have Y =H= 0,
where  0 is a Fuchsian surface group with signature (h;−). But in such case we would
have, by the Hurwitz{Riemann formula, g−1=2(h−1) which is impossible for even g.
Thus actually k =1 or k =3.
In case of a hyperelliptic compact Riemann surface X of even genus g the number
of ramication points of coverings in question is completely determined. Indeed the
hyperelliptic involution  provides a covering X !X= which have 2g+2 ramication
points. So assume that a surface has three conjugacy classes of elements of order 2.
If G=Z2Z2 = ha; bi, then the corresponding surface X may be dened as H= 
for  =Ker , where  :!G is given by (xi)= a for i=1; : : : ; g+ 1, (xg+2)= ab
and (xg+3)= b with  being a Fuchsian group with signature (0; 2; g+3: : : ; 2) (see [2, 4]).
Here a represents the hyperelliptic involution, whilst b and ab produce nonequivalent
coverings both ramied over two points by [16].
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Finally, if G=DN=2 = ha; b j a2; b2; (ab)N=2i the corresponding surface X is dened as
H=  for  =Ker , where  :!G is dened by (xi)= (ab)N=4 for i=1; : : : ; 4g=N ,
(x4g=N+1)= b, (x4g=N+2)= a(ab)g and (x4g=N+3)= ab with  being a Fuchsian group
with signature (0; 2; 4g=N+2: : : ; 2; N=2) (see [2, 4]). Now (ab)N=4 represents the hyperelliptic
involution. Elements a(ab)g and b have normalizers in G of orders 4 and so both of
them produce nonequivalent coverings ramied over two points by [14]. This way we
have obtained our last result.
Theorem 4. Up to covering-equivalence a hyperelliptic compact Riemann surface X of
even genus g admits exactly one ramied double covering p :X ! Y which is ramied
over 2g+ 2 points of Y or exactly three ramied double coverings pi :X ! Yi which
are ramied over 2g+ 2; 2 and 2 points of Yi; respectively.
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